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1. Introduction

The fixed-point theory is a very serious portion of a nonlinear-functional analysis. In 1922,
Banach [3] introduced one of basic results about the field of (F.P) theory called Banach contraction
principle (B. C. P) in complete metric spaces. There is a list of generalizations of metric space.
One of these generalizations dates back to, S. Czerwik [6] in 1993 was introduced concept of b-
metric space (B. M. S) that by multiplying the trigonometric inequality by the constant b > 1, he
was proved a famous (B. C. P) in (B. M. S). As well many results have appeared in this filed, see
([14], [23], [7], [15]). In 1994, S. G. Matthews [16] present an idea of partial metric space (P. M.
S) in it explained that the self-distance of any object not necessarily equal to the number zero. As
well proved (B. C. P) in (P.M.S). A lot of (F.P) results were studied in this filed by other
researchers see ([13], [18], [2], [4], [11]). In 2014, S. Shukla [19] present an idea of partial b metric
space (P.B.M.S) and studied (B. C. P), Kannan condition in (P. B. M. S). As well many results
have appeared in this filed, see ([17], [1], [20], [24], [8], [12], [22], [5], [21], [9], [10]). In this
paper we prove new results of (F.P) and common (F.P) in (P. B. M. S). The results that we obtained
was improvement and generalization some recent results of (F.P) theorems in (P. B. M. S).
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2. Preliminaries:

Definition 2.1 [16] Assume ¥ a set that is non-empty, then a partial metric d,, on a set ¥ be a
function dp: P2 - R* besides satisfying the following axioms;

(dp)t=rod,(1,6) =d,(7,7) = d,(k, k)
(dp2) dy(1,7) < djp(7, k)

(dp3) dy(7,5) = d,(k, T)

(dps) dy(7,1) < d,y(z,h) +d,(h, k) — d,(h, h)
forall 7,k,h € ¥. Then (¥, d,) called (P. M. S).

Definition 2.2 [6] Assume ¥ a set that is non-empty, then a b metric d;, on a set ¥ be a function
dp:W? - R* besides satisfying the following axioms;

(dp) dp(r, k) =0 T=K

(dp2) dp(7, k) = dp(k, 7)

(dp3) There exists a real number b = 1 such that dj, (7, k) < b[d,(t,h) + d,(h, k)]
forall 7,x,h € ¥. Then (¥, d}) called (B. M. S).

Definition 2.3 [19] Assume ¥ a set that is non-empty, then a partial b metric p on a set ¥ be a
function p: ¥2 - R* besides satisfying the following axioms;

(dpp1) T =K © dpp(1,K) = dpp(7,7) = dppp (K, k)
(dpp2) dpp (T, 7) < dpp (1, 1)

(dpb3) dpb(T: K) = dpb (r, 7)

(dpba) dpp(7,1) < bldpp (T, h) + dpp (b, )] = dypp (h, h)
forall 7, k, h € ¥. Then (¥, dp;) called (P. B. M. S).

In (P. B. M. S), clearly d,,(t,k) =0, by (dpp1), (dpp2) it follows T = k. Whereas the
converse not hold in general. Every b-Metric defined by Partial b-Metric a as following

dp(T, 1) = 2dpp (T, 6) — dpp(T,T) — dpp (16, ) VT, EV

Example 2.1 [12] Let ¥ = R* and d,;:¥* - R* be a function defined by d,, (7, k) =
[max{z, k}]* + |t — k|* V1, € ¥. Then (¥, dp) is (P. B. M. S) with b = 2* > 1. butit is neither
a (B. M. S) nor (P. M. S). Indeed, for any 7 > 0 we have d,,(7,7) = 4 # 0; therefore, dyp is
not a b-metric on ¥. Also for 7 = 6,k = 2, h = 3 we have d,, (7, k) = 6* + 4* and d,, (7, h) +
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dpp(h k) —dpp(h,h) = 6* +3* +3* +1* —=3* =6* +3* + 1* s0 d,(1, k) > dpp(r,h) +
dpp(h, k) — dpp(h, h), Vb = 2*. Therefore, d ), is not a partial metric on ¥'.

Definition 2.4 [19] Let (¥,d,) be (P. B. M. S)
1- Assume that {w,} be a sequence in (¥, d,) then {w,} called convergent to the point @ €
Y < lim dy, (@, @) = dyp (@, @)
n—>0o
2- Assume that {w,} be a sequencein (¥,dp,) then {w,} called Cauchy <
lim d,, (@, @,) exists (finite).
m,n—oo

3- If for all Cauchy sequence {w,} in ¥ Jw € ¥ such that
lim d,,(@,, @y) = lim d,, (@, @) = dy, (@, @) then (¥,d,p) called complete and
m,n—->oco n—oo

denoted by (C. P. B. M. S) as short

3. Main results

Theorem 3.1 Assume that (¥, dp,) a (C. P. B.M. S) with b = 1. Assume T: ¥ — ¥ be self-map
satisfying the following condition,

oy, (TT, TK) < Yidypp (T, K) + Y, <[dvb(T' Tt) + dpp (16, TIO][1 + dppp (3, Tr)]>

2[1+ dpy(7, )]
iy ([dpb (1, TT) + dpp (7, T |[1 + d (7, T‘L’)])
: 2[1+ dpy (7, 0]
iy ([dpb(n 7) + dpp (6, 0] [1 + dpy (1, K)])
! 2[1 + dyp (1, TT)]

(3.1)

Vi,k €V ,Y;,Y5,Y3Y, = 0and 0 <Y; + Y, +Y3b + Y, < 1. Then T has unique (F.P).

Proof: Let w, € ¥ we define sequence {w,} in ¥ by denoting w,,1 = Tw,. If @, = @, 4 for
some n € N then w,, = Tw, is (F.P) of T. Suppose w,, # @, 4, for all n € N and using (3.1)

dpp (@n, @ni1) = dpp(Ton-1, Twy,)

< Yidpp(@p—1, @n)

+Y, ([dpb (@p—1, Twn_1) + dpp (@, Twn)][l + dpp (@n-1, Twn—l)])
2[1 + dpp (wn—l'wn)]

+Y, ([dpb (@, Ton—1) + dpb (@n-1, Twn)][l + dpp (@n-1, Twn—l)])
2[1 + dpp (wn—l'wn)]

+Y, ([dpb (@n—1, Tn—1) + dpp (@, @) |[1 + dpyy (wn—lfwn)]>

2[1+ dpy (@1, Tp—1)]
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dpb (wnr ZD'n+1)

< Y1dpp (@n_1, @n)

+Y ([dpb (wn—lf wn) + dpb (wnr ZD-n+1)] [1 + dpb (wn—lr wn)])
? 2[1 + dpb (wn—l' ZZ)-n)]

+Y ([dpb (wnr wn) + dpb (ZD', wn+1)] [1 + dpb (wn—l' ZZ7n)]>
’ 2[1 + dpb (wn—l' ZZ)-n)]

+ Y4 ([dpb (w-n—lf Wn-1) + dpb (wnr ZD-n)] [1 + dpb (wn—l' ZD'n)]>

2[1+ dpp (@, @,)]

dpb (wn' ZD'n+1)

)&

2
Y.
+ ?3 (dpb (@, @) + dpb (@n-1, zD'n+1))
Y,

5 (Ao (@n-1, @no1) + dpi (@, @)

< Y.1dpb (wn—l'wn) + (dpb (wn—l'wn) + dpb (wn' ZD'n+1))

By using (dpp2) and (dppa)

dpb (wnr ZD'n+1)

Y.
< Y1d;r)b (@p—1,@p) + ?2 (dpb (@n-1, @) + dpb (@, zD'n+1))
Y3
+ ? (dpb (wn: wn) + b[dpb (wn—lr ZD-n) + dpb (wnr wn+1)] - dpb (wn; wn))
Y,

+ ? (dpb (wn—lf zD'n) + dpb (wn—lf ZD'n))

dpb (wnr ZD'n+1)

Y.

< Y-1dpb (wn—llwn) + 72 (dpb (wn—l'wn) + dpb (wn' ZD-n+1))
Y

+ ?3 (b [dpb (wn—ll wn) + dpb (wnr ZD-n+1)])
Y.

+ ?4 (dpb (wn—lf zD'n) + dpb (wn—lf ZD'n))

Y, Yzb Y. Y3b
(1 - 72 - %) dpp (@, @py1) < (Y1 + ?2 + % + Y4) dpp (@1, @)

Y+2z 4 Xsbyy
dpb (wn' zD-n+1) < ( 1(1_22_@) 4)
2 2

dpb (@n—1, @),

(Y1+2 +304v,)

Putting § =
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dpb (@) Tpy1) < ﬁdpb(wn—l; @y) < Bzdpb (@2, @n—1) < ﬁ3dpb (@n—3, @Wp_2)
= =S ﬁndpb(wo;ﬁﬁ)

Al—glo dpb(wn' Wpy1) =0

dpb (wnr wm) < b[dpb (wn'wn+1) + dpb (wn+1:wm)] - dpb (wn+1:wn+1)

= b[dpb(wn» ZD-n+1) + dpb (wn+1’wm)]
= bdpb(wn'wn+1)

+b (b [dpb(wn+1» ZD-n+2) + dpb (wn+2' ZD'm)] - dpb (wn+2: ZD'n+2))

< bdpb(wt ZD-n+1) + bzdpb (wn+1:wn+2) + bzdpb (wn+2'wm)

= bdpb(wnr Wpt1) + bzdpb (@nt1, Wpy2) + b3dpb (@2 Dnaz) + oo
+ bm_ndpb (wm—ltwm)

< bB"dy, (@o, @y) + b2 dyp, (wo, @) + b3 B2 dyp (wo, w7) + -
+ ™ d (@, 1)

< bE"(1+ Db + (bB)? + -+ (BB D dyp (wo, @1)

n,glllloo dpp (@y, @) = 0. Thus (from Definition 2.4 (2)) {w@,} be Cauchy sequence in ¥. Since

('P,dpb) is complete (P. B. M. S) then (from Definition 24 (3)) Iw €V st

n,glllloo dpb(wnr W) = Al_r;glo dpb (wp, @) = dpb (w,@) =0

We need to show that wis (F. P) of T
dpb (ZD', TZD') < b[dpb(w' ZD-n+1) + dpb (wn+1' TZD')] - dpb (wn+1' ZD-n+1)
< b[dpb(w: ZD-n+1) + dpb (wn+1' TZD')]

< bd,, (@, @Wp41) + bdyp (Tw,, Tw)
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S bdpb(wr ZD'n+1)

+b| Yid b(w ZD') +Y. <[dpb (wn; TZD'n) + dpb (wr TZD')][l + dpb (wn' Twn)]>
1“p n» 2

2[1 + dpp (zvn,w)]

([dpb (@, Twy) + dyp (@, Tw)][l + dyp (@, Twn)]>
+Ys
2[1 + dpp (@y, w)]

iy ([dpb (@, @) + dpp (w, w)][l + dpp (wn,w)]>
! 2[1 + dpy (@, Tw,)|

= bdpb(w' Wny1)

+ b | Yidpp (@, @)

LY ([dpb (@, Tns1) + dpb (w, TID')] [1 + dpb (@n, zD'n+1)]>
2 2[1 + dpp (wn,w)]

Ly ([dpb (@, Wpy1) + dpb (@n, TID')] [1 + dpb (@n, zD'n+1)]>
3 2[1 + dpp (wn,w)]

Ly ([dpb (@, @) + dpp (w0, w)][l +dpp (wn,w)]>
! 2[1 + dpb (wn' zD'n+1)]

By take limit when 7 — o we have d,,(@w, Tw) < 0. Therefore d,,(w,Tw) = 0 then w = Tw
hence @ is (F.P) of T
Uniqueness: Suppose that w,w € ¥ aretwo (F.P)of T st w # @

dpp(w, @) = dp (Tw, Tw)

[dpb (0, Tw) + dpp(w, Tw)][l + dpyp(w, Tw)])
2[1 + dyp (0, w)]
Ty ([dpb (@, Tw) + dpp(w, Tw)][l + pp (W, Tw)]>
3 2[1 + dyp(w, w)]
Ly ([dpb((,(), (,()) + dpb(w, ZD')] [1 + dpb(a), 'ZU)])
* 2[1 + pp (W, Ta))]

<Yidpp(w, @) + 7Y, <
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[dpb(w, w) + dpp (@, w)][l + dyp (0, w)])
2[1 + dpp(w, w)]
Ly ([dpb(w, w) + dpp (0, @)|[1 + dpp (0, w)])
3 2[1 + dyp(w, w)]
iy ([dpb(a), w) + dpyp(w, @)|[1+ dpp(w, w)])
* 2[1 + dpp(w, a))]

<Yidpy(w,@) + 7Y, <

Since d,p (0, ) < dpp(w, @), dpp (@, @) < dpp(w, @) Vo, w €V

[dpb (0, @) + dpp(w, zv)][l + dpp(w, w)]
dpp (0, @) < Yidy, (0, @) + Y, ( i+ o, )] >
Ly ([dpb(w, w) + dpp(w, w)][l + dpp(w, w)])

3 2[1 + dpb(w,wA)]
Ly ([dpb(w, @) + dpp(0,@)|[1 + dpp(w, w)])
* 2[1 + dpp(w, zzr)]

dpp(w, @) < Yidpp (0, @) + Yodpp (0, @) + Yzdp, (0, @) + Yad,p (0, @)
A=Y, =Y, = Y3 — Yp)dpy (@, @) < 0

dpp(w, @) < 0. Therefore dp, (w, @) = 0. Thus w = @ contradiction.

Corollary 3.1 Assume that (¥, dp,) a(C. P. B. M. S) with b = 1. Assume T: ¥ — ¥ be self-map
satisfying the following condition,

[dpb (r, Tt) + dpp (K, Tlc)][l + dpp (7, Tr)])
2[1 + dpp (7, K)]
Y ([dpb (1, T1) + dpp (7, TK)][]. + dpp (7, T‘L’)])
2[1 + dpp (7, K)]

dpb (TT, TK) < Yldpb(rl K) + YZ <

(3.2)

Vi,k €¥,Y;,Y,, Y3 >0and 0<Y; +Y, +Y;b < 1. Then T has unique (F. P).
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Corollary 3.2 Assume that (¥, dp,) a(C. P. B. M. S) with b = 1. Assume T: ¥ — ¥ be self-map
satisfying the following condition,

[dpb (r, Tt) + dpp (K, TK)][l + dpp (7, T’l')]
dpp(TT, Tk) < Y1dpp(T,6) + Y, ( 21+ oy ()] >

([dpb (t,7) + dpp (x, K)][l + dp (7, K)])
+ Y3
2[1+dyp(7, TD)]

(3.3)

Vi,k €¥,Y;,Y,, Y3 =>0and 0 <Y; + Y, + Y3 < 1. Then T has unique (F. P).

Corollary 3.3 Assume that (¥,d,p) a (C. P. B.M. S) with b = 1. Assume T: ¥ — ¥ be self-map

satisfying the following condition,

[dpb (1, T1) + dpp (7, TK)][I + dpp (7, TT)]
dpp(TT,T) < Yidyp(T,6) + Y5 ( T+ e Ol )

([dpb (T, T) + dpb (K, K)][l + dpb (T, K)])
+Y;
2[1+dpp(7, TD)]

(3.4)

Vi,k €V ,Y;, Y5, Y3 = 0and 0 <Y; +Y, +Y3b < 1. Then T has unique (F. P).

Corollary 3.4 Assume that (¥, dp,) a(C. P. B. M. S) with b = 1. Assume T: ¥ — ¥ be self-map
satisfying the following condition,

dpp (T, Tk) < vdpy (7, k) (3.5)

VT,k € ¥,and 0 <Y < 1. Then T has unique (F.P).

Theorem 3.2 Assume (¥, d,p) a complete (P. B. M. S) with b = 1. Assume T, F: ¥ — ¥ self-
map satisfying the following condition,

[dpb (r, T1) + dpp (¢, FK)][l + o5 (T, TT)]
dpp (T, Fx) < Y1dpp(T,6) + Y5 ( 2[1 e 4/1,)] )
iy ([dpb(lc, Tt) + dpy (7, FK)][l + 5 (T, TT)])

3 2[1 + dpp (7, K)]
([dpb (7,7) + dpp (k, K)][l + dpp (1, KZ)])
+Y,
2[1+ pp (7, TO)]

(3.6)
VT, k €V, Y, Y5, Y3Y, >0,0<Y; +Y, +Y3b+ Y, <1. ThenT,F have unique common (F.P).
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Proof: Let wy, € ¥ we define sequence {w,}in ¥ by denoting wy,+1 = Twy, and W,y =
Fwonyt -

dpb (@2n+1, Dan+2) = dpb (Twan, Fon41)

< Yldpb (@2n, Dan+1)

+Y, ([dpb (@on, Tway) + dpb (@2n+1s Fw2n+1)] [1 + dpb (@2n) Twm)])
2[1 + dpb (@2n) zz72n+1)]

+Y, ([dpb (@on+1, Tw2y) + dpb (@2n, Fw2n+1)] [1 + dpb (@2n, Twm)])
2[1 + dpb (@2n) zz72n+1)]

+Y, ([dpb (@20, @2p) + dpb (@2n+1) zz72n+1)][1 + dpp (w2nrw2n+1)]>
2[1 +dpp (@20 TwZn)]

< Y1dpb (@2, D2n+1)
Ly ([dpb (@2n, Dan+1) + dpb (@2n+1, zD'211+2)] [1 + dpb (@2n, wZn+1)]>
? 2[1 + dpb (w2nrw2n+1)]

Y, ([dpb (@241, D2ne1) + App (@on, @ons2)|[1 + dpp (@, zz72n+1)])
2[1 + dpp (w2n'w'2n+1)]
1Y, ([dpb (@, W2n) + dpp (@041, Dzns1) | [1 + dpp (@2n, w2n+1)]>
2[1 + dpp (w2n1132n+1)]

Y,

> (dpb (@2, Won41) + dpb (52n+1»132n+2))

< Y1dpb (w2n; zD-211+1) +

Y;
+ ? (dpb (w2n+1' zD-Zn+1) + dpb (w2nr wZn+2))

Y,

+ ? (dpb (w2n: zD-Zn) + dpb (w2n+1' wZn+1))

By using (dpp2) and (dppa)

dpb (ZD-Zn+1' ZD'2n+2)
Y;

2 (dpb (w2n: ZD-2n+1) + dpb (w2n+1' ZD'2n+2))

< Y1dpp (@20, @ans1) +

Y3
+ ? (dpb (w2n+1: zD-2n+1) + b[dpb (ZD-Zn' ZI)-2n+1) + dpb (w2n+1r zD-2n+2)]

Y,
- dpb(w2n+1: ZD-2n+1)) + ? (dpb (ZD'Zn: ZD'2n+1) + dpb (ZD'Zn: ZZ72n+1))
Y, Y3b Y, Y3b
1- 5 T)dpb (@2n+1, Dane2) < (V1 + > + > + Y ) dpp (@2, Don41)
(o +24 X80y
dpb (@2n+1 Tone2) < W dpb (@20, Do2nt1)s
2 2
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Yo, Y3b
(Yl +7+T+Y4)

_Yz Y3b
A=)

Putting 8 = ,05p6<1

dpp (@on+1, Dans2) < B dpp(@on, Wans1) < B2dpp(@on—1, Wan) < B3dpp(@an—2 @an—-1)
< - < By (w0, w1)

7111_{{)10 dpp (@2n41, B2nsz) =0

In general, d,p,(@,, @Wny1) < Bdp, (@0, @1)

dpb (@, @) < b[dpb (@, @ne1) + dpb (@n+1, ZD-m)] - dpb (@nt1, Dps1)
< b[dpb(wn: ZD'n+1) + dpb (ZD'n+1,ZD'm)]
< bdpb(wn: ZD-n+1)

+b (b [dpb(wn+1' Wny2) + dpp (wn+2:wm)] — dpp (@42, zD'n+2))

=< bdpb (@, @py1) + bzdpb(wn+1' Wpto) bzdpb (@n+2) Tm)

=< bdpb(wnr Wpt1) + bzdpb (@pt1, Wpy2) + b3dpb (@2 Dnaz) + oo
+ b, (W1, @)

< bﬁndpb (@o, @1) + bzﬁnﬂdpb (@o, @) + b3.8n+2dpb (@o, @1) + -

+ b EM (@, @)
< bAM(1+bf + (bB)* + -+ (A" dpy (w0, @y)
n,glllloo dpp (@, W) = 0. Thus (from Definition 2.4 (2)) {w,} be Cauchy sequence in ¥. Since ¥

is complete (P. B. B. S) then (from Definition 2.4 (3)) 3w € ¥ s.t

n,glll}oo dpb(wnr W) = 111_1)'{}0 dpb (@, @) = dpb (w,@) =0

We need to show that @ is common (F. P) of T, F

dpy(@,Tw) < b|dpy (@, Fwzp11) + dpp F@2041, To) | = dpp F®O2ns1, Fozp11)
= b[dpb(w: Fwyneq) + dpb (Foan41s TZU)]
< by (@, Fozn41) + bdyy (Fogny, Tw)

< bdpb(w; Foype) + bdpb (Tw, Foyn41 )
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< bd,,(w, Fw)
+b [Yldpb (ZD', ZD'2n+1)

+Y ([dpb (ZD', TZD') + dpb (G’-Zn+lr Fw2n+1)][1 + dpb (ZD', Tw)])l
’ 2[1 + dpb (ZD', ZD-ZTL+1)]

LY ([dpb (@, Foype1) + dpb (@2n+1) TZD')][I + dpb (@, TZD')])
’ 2[1 + dpb (ZD', ZD-ZTL+1)]

Y ([dpb (@, @) + dpp, (@041, Wons1)][1 + dpp (@, w2n+1)]>
! 2[1 + dpy (@, Tw)]

By take limit when n — oo then d,, (@, Tw) < 0. Therefore d,,(w, Tw) = 0. Hence w = Tw
dpp (@, Fw) < b|dpy (@, Tw,y,) + dpp (Twoy, Fo)| — dpp (Twan, To)

< b[dpb(w, Twyy) + dpp (Tway, Fw)]

< bd,, (@, Twyy) + bdyp (Twyy,, Fw)

< bd (@, B3 41)

+b [Yldpb (@, @)

Ly ([dpb (@2 Wan+1) + dpp (@, Fo)|[1 + dpppy (w2m, 52n+1)]>
g 2[1 + dpp (ZD'Zn,ZD')]
1Y, ([dpb (@20, F@) + dpp (@, 2041 [1 + dpp (@20, 52n+1)]>
2[1+ dpp (@0, @)|
LY ([dpb (@, @an) + Aoy (@, @)|[1 + dpppy (@21, w)])l
! 2[1 + dpp (@2, @2n41)]

By take limit when n — oo we have d,, (@, Fw) < 0.
Therefore dp, (@, Fw) = 0. hence @ = Fw. Then @ is common (F. P) of T and F
Uniqueness

Suppose that w,w € ¥ aretwo (F. P)of Tand F st Tw = Fo =@, Two = Fo =wand w # @
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dpp(w, @) = dpp (Tw, Fo)

< Yy dpy(@,@) + Y <[d”b (@ Tw) + dyy (@, Fa)][1 + dyy (@ Tw)]>

2[1 + dpp(w, w)]
Y, ([dpb (@, Tw) + dyp(w, Fw)][l + dpp(w, Tw)])
2[1 + dpp(w, w)]
- ([dpb(w, w) + dpp (@, w)][l + dyp(w, w)])
2[1+ dpp(w, Tw)]

dpp (0, @) < Yidyy(w, @) + Y, <[dpb (0, @) + dpp(w, @)|[1 + dpp (@, w)])

2[1 + dpp(w, w)]
Y ([dpb (0, @) +dpp(w, w)][l + dyp(w, w)])
2[1 + dpp(w, zzr)]
Ly ([dpb(w, w) + dyp (@, w)][l + dyp(w, w)])
* 2[1 + dpp(w, zzr)]

By using (dpp2)
dpp(w, @) < Yidpp (0, @) + Yodpp (0, @) + Yzdp, (0, @) + Yad,p (0, @)
A=Y, =Y, = Y3 — Yp)dpy (@, @) < 0

Therefor d,p,(w, @) < 0. Thus d,,;, (w, @) = 0. Then w = @ contraction.

Corollary 3.5 Assume (¥, d,;) a complete (P. B. M. S) with b = 1. Assume T, F: ¥ — ¥ self-
map satisfying the following condition,

dpb (TT, FK) < deb(T, K) (37)

VT,k €E¥,0 <Y < 1. Then T, F has common unique (F. P).

Corollary 3.6 Assume (¥, d,p) a complete (P. B. M. S) with b = 1. Assume T, F: ¥ — ¥ self-
map satisfying the following condition,

[dpb (r, T1) + dpp (¢, FK)][]. + o5 (T, TT)]>
2[1+ dpy(z,n)]

dpp (T, Fx) < Y1dpp(7,6) + Y, ( (3.8)

Vi,k €¥,,Y;,Y, > 0and 0 <Y; +7Y, < 1. Then T, F has common unique (F. P).
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Corollary 3.7 Assume (¥, d,;) a complete (P. B. M. S) with b = 1. Assume T, F: ¥ — ¥ self-
map satisfying the following condition,

[dpb (T, TT) + dpb (K, FK)] [1 + pb (T, TT)]
dpp (T, Fx) < Y1dpp(T,6) + Y5 ( i+ e ] >

([dpb(K, T1) + dpp (7, FK)][l + b (T, Tr)])
+Ys
2[1 + dpp (7, ©)]

(3.9)

Vi,k €¥,,Y;,Y,, Y35 =0and 0 <Y; + Y, + Y3b < 1. Then T, F has common unique (F. P).

Corollary 3.8 Assume (¥,d,;) a complete (P. B. M. S) with b = 1. Assume T, F: ¥ — ¥ self-

map satisfying the following condition,

[dpp (z, TT) + dypp (i, FKO)|[1 + 5 (7, TD)]
dpp(TT, Fr) < Yidpp(T,56) + Y, ( 2[1 rd(r, /n)] )

([dpb (T, T) + dpb (K, K)][l + dpb (T, K)])
+Y,
2[1+ pp (7, TO)]

(3.10)

Vi,k €¥,,Y;,Y,,Y;=>20and 0 <Y; +Y, +Y; < 1. Then T, F has common unique (F. P).

Example 3.1 Let ¥ = [—10,10]. Define the function dp,:¥ X ¥ — [0,0) by d,,(7,k) =
(It] + k| + 2)? vz, k € ¥. Then (¥, dpp) is (P. B. M. S). Define T: ¥ > ¥ s.t Tr = 110 VT E Y.

By applying theorem (3.1) with Y; = 0.5,Y, = 0.4,Y; =Y, = 0,b = 2 we can show that show
that T has (F. P) or not

Y, +Y, +Y3b+Y,=(05)+(04)+0+0=09s00<Y; + Y, +Y35b+Y, <1

dpp (7, 1) = (I7] + |K| + 2)?

B S WL B 22_ ] + |k| + 20\’
w010 = do (75.35) = (T5+ 19+ 2) = (0 —
2 2
T |zl 11|z| + 20
dpp(TT,7) = dp) (E,r) = <E + |t| + 2> = <T>
2
11|k| + 20
10

Il |+22_ 7| + 10]x| + 20\
10" " - 10

K |x| :
dpp(Tk, k) = dpp (E,K) = E-I_ || + 2

dpp(TT,K) = dpp (f—O,K)
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K k| 2 [Ik] + 10|7| + 20\
dpy (T, ) = dp (15.7) = 1—0+| f1+2) = o

Now, we can show that Vz,k € [—10,10] with Y; = 0.5,Y, = 0.4,Y5 =Y, = 0. Then

7| + || + 20\
10

< (0.5) (|| + |x| + 2)?

[<(11|rl|0+ 20)2 N (11|K1|0+ 20>2> (1 N (11|r| + 20 ]
+ (0.4)|

2(1+ (|| + k| + 2)?)
|

Thus each condition of theorem (3.1) verified while 0 be unique (F. P) of T..

|
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